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NONTRIVIAL ALGEBRAIC CYCLES IN
THE JACOBIAN VARIETIES OF SOME QUOTIENTS OF FERMAT
CURVES
YUUKI TADOKORO
Abstract. We obtain the trace map images of the values of certain harmonic vol-
umes for some quotients of Fermat curves. These provide the algorithm showing
that the algebraic cycles called by k-th Ceresa cycles are not algebraically equiva-
lent to zero in the Jacobian varieties. We apply the method the case for the prime
N < 1000, k = 1 and N = 7, 13, k ≤ (N − 3)/2.
1. Introduction
Let X be a compact Riemann surface of genus g ≥ 2 and J(X) its Jacobian variety.
By the Abel-Jacobi map X → J(X), X is embedded in J(X). Let Xk be the k-th
symmetric product of X and Wk its image of the Abel-Jacobi map. The algebraic
k-cycle Wk −W−k in J(X), called by k-th Ceresa cycle, is homologous to zero. Here
we denote by W−k the image of Wk under the multiplication map by −1. If X is
hyperelliptic, Wk = W
−
k in J(X). For the rest of this paper, suppose g ≥ 3. We
put X − X− = W1 −W−1 . B. Harris [8] studied the problem whether the cycle X −
X− in J(X) is algebraically equivalent to zero or not. Roughly speaking, it can be
“continuously” (algebraically) deformed into the zero cycle or not. See [5] for example.
Faucette [4] also studied a sufficient condition that the algebraic cycle Wk−W−k is not
algebraically equivalent to zero in J(X). We remark that Weil [17, pp. 331] mentioned
the homologous zero cycle Wk −W−k in question.
LetN be a prime number such thatN = 1 modulo 3 andm be an integerm2+m+1 =
0 modulo N . For the quotient of Fermat curve CN = C
1,m
N , we denote f(N, k) by a
value of the harmonic volume which is defined later using the special values of the
generalized hypergeometric function 3F2. Using Otsubo’s result [11], we obtain the
main theorem
Theorem 1.1. For the quotient of Fermat curve CN and an integer k such that 1 ≤
k ≤ (N − 3)/2, if the value f(N, k) is not integer, then Wk −W−k is not algebraically
equivalent to zero in J(CN ).
The harmonic volume I for X was introduced by Harris [7], using Chen’s iterated
integrals [3]. Let H denote the first integral homology group H1(X;Z) of X. The
harmonic volume I is defined to be a homomorphism (H⊗3)′ → R/Z. Here (H⊗3)′ is a
certain subgroup of H⊗3. The twice 2I factors through the third exterior product ∧3H,
and we call it the harmonic volume similarly. See Section 2 for the definition. Let FN
denote the Fermat curve for N ∈ Z≥4. Using I, Harris [8, 9] proved that the algebraic
cycle F4 − F−4 is not algebraically equivalent to zero in J(F4). Ceresa [2] showed that
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Wk −W−k is not algebraically equivalent to zero for a generic X. For the Klein quartic
C1,27 and Fermat sextic F6, we [15, 16] computed the harmonic volume using the special
values of the generalized hypergeometric function 3F2 and showed that the algebraic
cycle X−X− is not algebraically equivalent to zero in J(X). Recently, Otsubo [11] ably
extended Harris’ and our results, using a primitive N -th root of unity and the trace
map for the Fermat curve FN . He obtained the algorithm showing that the algebraic
k-cycle Wk −W−k is not algebraically equivalent to zero in J(FN ). We find the above
condition for N and another algorithm showing that Wk − W−k is not algebraically
equivalent to zero in J(CN ). For a complex algebraic variety V , we define the p-th
Griffith group Griffp(V ) which is generated by all the algebraic cycles of codimension
p in V homologically equivalent to zero modulo algebraic equivalence. We also prove
the Griffiths group of J(X) is nontrivial. Furthermore, Bloch [1] studied the Fermat
quartic F4 by means of L-functions.
We give our method to prove the algebraic cycle CN −C−N is not algebraically equiv-
alent to zero in J(CN ), which is similar to Otsubo’s one. See Hodge’s letter [18,
pp. 533–534]. Let ηm be a third exterior product of holomorphic 1-forms on CN . If the
cycle CN −C−N is algebraically equivalent to zero in J(CN ), then the trace map image
f(N, 1) ∈ R/Z of the harmonic volume at ηm are zero modulo Z. In order to prove the
cycle CN −C−N is not algebraically equivalent to zero, we have only to show the above
values are not zero. Similarly we obtain the method that Wk−W−k is not algebraically
equivalent to zero.
Now we describe the contents of this paper briefly. In Section 2, we introduce the
harmonic volume and relation between it and the Ceresa cycle. Section 3 is devoted
to definition of the Fermat curve and the trace map. In Section 4, we define some
quotients of Fermat curve and recall Otsubo’s method. Using an algebraic condition,
we obtain the harmonic volume f(N, k) of CN . We carry the numerical computation
of the value by means of the special values of the generalized hypergeometric function
3F2.
Acknowledgements. The author would like to thank Noriyuki Otsubo for his useful
comments. This work is supported by Grant-in-Aid for Young Scientists (B).
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2. The harmonic volume and the algebraic cycle X −X−
We recall the harmonic volume [7] for a compact Riemann surface X of genus g ≥ 3.
We identify the first integral homology group H1(X;Z) of X with the first integral
cohomology group by Poincare´ duality, and denote it by H. The Hodge star operator
∗ on the space of all the 1-forms A1(X) is locally given by ∗(f1(z)dz + f2(z)dz¯) =
−√−1f1(z)dz +
√−1f2(z)dz¯ in a local coordinate z and depends only on the complex
structure and not on the choice of Hermitian metric. We identify H with the space
of all the real harmonic 1-forms on X with integral periods. Let (H⊗2)′ be the kernel
of the intersection pairing ( , ) : H ⊗Z H → Z. For the rest of this paper, we write
⊗ = ⊗Z, unless otherwise stated. For any
∑n
i=1 ai ⊗ bi ∈ (H⊗2)′, there exists a unique
η ∈ A1(X) such that dη = ∑ni=1 ai ∧ bi and
∫
X
η ∧ ∗α = 0 for any closed 1-form
α ∈ A1(X). Here ai and bi are regarded as real harmonic 1-forms on X. Choose a
point x0 ∈ X.
Definition 2.1. (The pointed harmonic volume [14])
For
∑n
i=1 ai ⊗ bi ∈ (H⊗2)′ and c ∈ H, the pointed harmonic volume Ix0 is the homo-
morphism (H⊗2)′ ⊗H → R/Z defined by
Ix0
(( n∑
i=1
ai ⊗ bi
)
⊗ c
)
=
n∑
i=1
∫
γ
aibi −
∫
γ
η mod Z.
Here η ∈ A1(X) is associated to ∑ni=1 ai ⊗ bi in the way stated above and γ is a
loop in X with the base point x0 whose homology class is equal to c. The integral∫
γ
aibi is Chen’s iterated integral [3], that is,
∫
γ
aibi =
∫
0≤t1≤t2≤1
fi(t1)gi(t2)dt1dt2 for
γ∗ai = fi(t)dt and γ
∗bi = gi(t)dt. Here t is the coordinate in the interval [0, 1].
The harmonic volume is given as a restriction of the pointed harmonic volume Ix0 .
We denote by (H⊗3)′ the kernel of a natural homomorphism
H⊗3 → H⊕3; a⊗ b⊗ c 7→ ((a, b)c, (b, c)a, (c, a)b).
The harmonic volume I for X is a linear form on (H⊗3)′ with values in R/Z defined by
the restriction of Ix0 to (H
⊗3)′, i.e., I = Ix0 |(H⊗3)′ . Harris [7] proved that the harmonic
volume I is independent of the choice of the base point x0. We denote ∧3H by the
third exterior power of H and (∧3H)′ by the kernel of a homomorphism
∧3H → H; a ∧ b ∧ c 7→ (a, b)c + (b, c)a + (c, a)b.
Then the natural map (H⊗3)′ → (∧3H)′ and 2I factors through
2I : (∧3H)′ → R/Z
[7].
Let J = J(X) and Xk be the Jacobian variety and k-th symmetric product of X
respectively. By the Abel-Jacobi map X → J(X), Xk is embedded in J . The image
of Xk is denoted by Wk. The algebraic k-cycle Wk −W−k in J is homologous to zero.
Here we denote by W−k the image of Wk under the multiplication map by −1. The
cycle Wk −W−k is called the k-th Ceresa cycle. We put W1 −W−1 = X −X−. We say
the an algebraic cycle 1-cycle C is algebraically equivalent to zero in J if there exists
a topological 3-chain W such that ∂W = C and W lies on S, where S is an algebraic
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(or complex analytic) subset of J of complex dimension 2 (Harris [9]). The chain W
is unique up to 3-cycles. We denote by H1,0 and H0,1 the space of all the holomorphic
and untiholomorphic 1-forms on X respectively. From [8] and [9, 2.6], we have
Proposition 2.2. If X −X− is algebraically equivalent to zero in J , then 2I(ω) = 0
modulo Z for any ω ∈ ∧3H ∩ (∧3H1,0 + ∧3H0,1).
If the value 2I(ω) is nonzero modulo Z for some ω ∈ ∧3H ∩ (∧3H1,0+∧3H0,1), then
X −X− is not algebraically equivalent to zero in J .
Generally, ifWk−W−k is algebraically equivalent to zero in J and satisfying algebraic
conditions. Then a constant multiple of 2I(ω) is equal to 0 modulo Z for any ω ∈
∧3H ∩ (∧3H1,0 + ∧3H0,1). See Faucette [4] and Otsubo [11]. In particular, Otsubo
studied the good condition for the Fermat curve FN .
3. The Fermat curve
For N ∈ Z≥4, let FN = {(X : Y : Z) ∈ CP 2;XN + Y N = ZN} denote the Fermat
curve of degree N , which is a compact Riemann surface of genus (N − 1)(N − 2)/2.
Let x and y denote X/Z and Y/Z respectively. The equation XN + Y N = ZN induces
xN + yN = 1. Here ζ denotes exp(2π
√−1/N). Holomorphic automorphisms α and β
of FN are defined by α(X : Y : Z) = (ζX : Y : Z) and β(X : Y : Z) = (X : ζY : Z)
respectively. Let µN be the group of N -th roots of unity in C. We have that αβ = βα
and the subgroup of the holomorphic automorphisms of FN generated by α and β
is isomorphic to µN × µN . We denoted it by G. Let γ0 be a path [0, 1] ∋ t 7→
(t, N
√
1− tN ) ∈ F (N), where N
√
1− tN is a real nonnegative analytic function on [0, 1].
A loop in FN is defined by
κ0 = γ0 · (βγ0)−1 · (αβγ0) · (αγ0)−1,
where the product ℓ1 · ℓ2 indicates that we traverse ℓ1 first, then ℓ2. We consider a loop
αiβjκ0 as an element of the first homology group H1(FN ;Z) of FN . It is a known fact
that H1(FN ;Z) is a cyclic G-module [Appendix in [6]].
Let I be an index set {(a, b) ∈ (Z/NZ)⊕2; a, b, a + b 6= 0}. For a ∈ Z/NZ \ {0}, we
denote its representative 〈a〉 ∈ {1, 2, . . . , N − 1}. A differential 1-form on FN is defined
by
ωa,b0 = x
〈a〉−1y〈b〉−1dx/yN−1
Set Iholo = {(a, b) ∈ I; 〈a〉 + 〈b〉 < N}. It is well known that {ωa,b0 }Iholo is a basis of
H1,0 of F (N). See Lang [10] for example. It is clear that∫
αiβjγ0
ωa,b0 = ζ
ai+bj
∫
γ0
ωa,b0 = ζ
ai+bjB(〈a〉/N, 〈b〉/N)
N
.
The beta function B(u, v) is defined by
∫ 1
0
tu−1(1 − t)v−1dt for u, v > 0. We denote
BNa,b = B(〈a〉/N, 〈b〉/N). The integral of ωa,b0 along αiβjκ0 is obtained as follows.
Proposition 3.1 (Appendix in [6]). We have∫
αiβjκ0
ωa,b0 = B
N
a,b(1− ζa)(1 − ζb)ζai+bj/N.
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We denote the 1-form Nωa,b0 /B
N
a,b by ω
a,b. This implies
∫
αiβjκ0
ωa,b0 ∈ Z[ζ].
Let K = Q(µN ) be the N -cyclotomic field, O be its integer ring and fix a primitive
N -th root of unity ξ. For a Z-module M , we denote the O-module MO = M ⊗ O.
For each embedding σ : K →֒ C, we may consider the 1-form ωa,b as an element of HO
depending on the relation of σ(ξ) and ζ.
The harmonic volume naturally extends to
2IO : (∧3H)′O → (O ⊗R)/O.
We have the natural isomorphism
O ⊗R ∼=
[ ∏
σ : K →֒C
C
]+
where σ runs through the embedding of K into C and + denotes the fixed part by
the complex conjugation acting the set {σ} and C at the same time. Let 2Iσ denote
the σ-component of 2I. Let Tr : (O ⊗ R)/O → R/Z be the trace map. We obtain
Tr ◦2IO =
∑
σ : K →֒C 2Iσ . In order to prove the nontriviality of 2IO, it is enough to
prove that of Tr ◦2IO.
4. Some values of the harmonic volume for the quotient of Fermat
curve
4.1. Some quotients of Fermat curve. For a prime number N such that N ≥ 5,
we define the quotient of Fermat curve Ca,bN as projective curve whose affine equation
is
Ca,bN := {(u, v) ∈ C2; vN = ua(1− u)b}.
Here the integers a, b are coprime and satisfy 0 < a, b < N . It is a compact Riemann
surface of genus (N −1)/2. We denote by π : FN → CN the N -fold unramified covering
π(x, y) = (u, v) = (xN , xayb). For any integer h ∈ {1, 2, . . . , N − 1}, there is a unique
1-form η〈ha〉,〈hb〉 such that π∗η〈ha〉,〈hb〉 = ωha,hb. Then we have {η〈ha〉,〈hb〉}〈ha〉+〈hb〉<N is
a basis of H1,0 of CN . See Lang [10] for example.
For the rest of this paper, we assume that the prime number N satisfies N = 1
modulo 3. There exists an integer 1 < m < N − 1 such that m2 +m+ 1 = 0 modulo
N . Set (a1, b1) = (1,m), (a2, b2) = (m,m
2), and (a3, b3) = (m
2, 1).
Lemma 4.1. The above (ai, bi)’s satisfy the assumption 4.4 in [11]. Furthermore, the
conditions (hai, hbi) ∈ Iholo, i = 1, 2, 3 are equivalent.
Proof. Note that h+ 〈hm〉+ 〈hm2〉 = N or 2N . We obtain that h+ 〈hm〉+ 〈hm2〉 = N
if only and if (hai, hbi) ∈ Iholo for each i. 
From now on, we put CN = C
1,m
N . Since π is an N -fold unramified covering, we
obtain Nη〈ha〉,〈hb〉 ∈ HO of CN . In order to compute the harmonic volume of CN , it is
enough to substitute Nηha,hb for ϕa,b in [11]. Set
ηm =
Nη1,m ∧Nηm,〈m2〉 ∧Nη〈m2〉,1
(1− ξ−m2)(1 − ξ−1) .
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From Proposition 3.1, it is easy to show ηm is an element of (∧3HO)′ of CN . We have
the equation
IO(ηm) = NIO(π
∗ηm) mod O.
Here the harmonic volume of LHS is on CN , and that of RHS is on FN . Theorem 3.7
in [11] gives us
Proposition 4.2. We obtain the value of the harmonic volume for CN
Tr ◦2IO (ηm) = N6
∑∫
κ0
ωh,hmωhm,hm
2
,
where the sum is taken over h ∈ (Z/NZ)∗ such that (hai, hbi) ∈ Iholo.
Remark 4.3. The conditions (hai, hbi) ∈ Iholo and h+ 〈hm〉+ 〈hm2〉 = N are equiv-
alent. Otsubo defined the embedding σ : K →֒ C such that σ(ξ) = ζh.
4.2. Hypergeometric functions and numerical computation. For the numerical
calculation, we recall the generalized hypergeometric function 3F2. We denote the
gamma function Γ(τ) =
∫ ∞
0
e−ttτ−1dt for τ > 0 and the Pochhammer symbol (α, n) =
Γ(α + n)/Γ(α) for any nonnegative integer n. For x ∈ {z ∈ C; |z| < 1} and β1, β2 6∈
{0,−1,−2, . . .}, the generalized hypergeometric function 3F2 is defined by
3F2
( α1, α2, α3
β1, β2
;x
)
=
∞∑
n=0
(α1, n)(α2, n)(α3, n)
(β1, n)(β2, n)(1, n)
xn.
If β1+β2−α1−α2−α3 > 0, then the generalized hypergeometric function 3F2 converges
when |x| = 1. See [13] for example. We denote
ΓN
(
a1, a2, . . . , an
b1, b2, . . . , bm
)
=
Γ(a1/N)Γ(a2/N) · · ·Γ(an/N)
Γ(b1/N)Γ(b2/N) · · · Γ(bm/N) .
Using proposition 5.3 in [11], we have
Proposition 4.4.∫
κ0
ωh,hmωhm,hm
2
= ΓN
(
N − 〈hm〉, N − 〈hm2〉
〈hm〉
)2
3F2
(
h/N, 〈h〉/N, 〈hm2〉/N
1, 1
; 1
)
for an integer h such that h+ 〈hm〉+ 〈hm2〉 = N .
Theorem 4.5. For the quotient of Fermat curve CN , if the value
2N6
∑
0<h<N
h+〈hm〉+〈hm2〉=N
∫
κ0
ωh,hmωhm,hm
2
is not equal to zero modulo Z. Then, the algebraic cycle CN − C−N is not algebraically
equivalent to zero in J(CN ).
This value is independent of the choice of m, we denote it by f(N, 1). Furthermore,
we set f(N, k) = k!N4k−4f(N, 1) for a positive integer k. Using Corollary 4.9 in [11],
it is to show
Theorem 4.6. For the quotient of Fermat curve CN and an integer k such that 1 ≤
k ≤ (N − 3)/2, if the value f(N, k) is not equal to zero modulo Z. Then, the algebraic
cycle Wk −W−k is not algebraically equivalent to zero in J(CN ).
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We show the table of the computation of f(N, 1) and Mathematica program [19] of
f(N, k).
N m f(N, 1)
7 2 0.64692
13 3 0.30390
19 7 0.15972
31 5 0.68272
37 10 0.53833
43 6 0.94719
61 13 0.10498
67 29 0.67834
73 8 0.67715
79 23 0.70081
97 35 0.67120
103 46 0.20164
109 45 0.21967
127 19 0.75140
139 42 0.89455
151 32 0.20776
157 12 0.65104
163 58 0.47898
181 48 0.68643
193 84 0.65697
199 92 0.53788
211 14 0.92477
223 39 0.14653
229 94 0.48453
241 15 0.77552
271 28 0.95322
277 116 0.88313
N m f(N, 1)
283 44 0.97789
307 17 0.66173
313 98 0.96320
331 31 0.88040
337 128 0.61843
349 122 0.57242
367 83 0.70289
373 88 0.55905
379 51 0.13144
397 34 0.54575
409 53 0.59176
421 20 0.86406
433 198 0.085557
439 171 0.20173
457 133 0.055143
463 21 0.24695
487 232 0.82059
499 139 0.89265
523 60 0.12188
541 129 0.20975
547 40 0.13131
571 109 0.86328
577 213 0.83477
601 24 0.16953
607 210 0.27883
613 65 0.91661
619 252 0.91440
N m f(N, 1)
631 43 0.50662
643 177 0.72852
661 296 0.43828
673 255 0.20495
691 253 0.58775
709 227 0.79285
727 281 0.33854
733 307 0.12451
739 320 0.44354
751 72 0.78711
757 27 0.10544
769 360 0.62163
787 379 0.10082
811 130 0.17690
823 174 0.22898
829 125 0.86872
853 220 0.57350
859 260 0.89417
877 282 0.70117
883 337 0.26719
907 384 0.49691
919 52 0.47589
937 322 0.94337
967 142 0.71751
991 113 0.94086
997 304 0.79227
Figure 1. Table of the f(N, 1)
The table 1 shows that the algebraic cycle CN − C−N is not algebraically equivalent
to zero in J(CN ) for N < 1000 satisfying the condition.
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hv@n_, m_D :=
2 * n^6 *
Sum@If@h + Mod@h * m, nD + Mod@h * m^2, nD  n, 1, 0D *
Gamma@1 - Mod@h * m, nD  nD^2 * Gamma@1 - Mod@h * m^2, nD  nD^2 
HGamma@Mod@h * m, nD  nD^2L *
HypergeometricPFQ@8h  n, Mod@h * m, nD  n, Mod@h * m^2, nD  n<,
81, 1<, 1D,
8h, 1, n - 1<D
g@n_D := Catch@Do@If@Mod@1 + m + m^2, nD  0, Throw@mDD, 8m, 2, n - 1<DD
f@n_, k_D := If@Mod@n, 3D  1,
8n, g@nD,
N@FractionalPart@k! * n^H4 k - 4L * hv@n, g@nDDD, 5D
<, 8n, F<D
Figure 2. Numerical calculation program of f(N, k)
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